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Abstract. We define the algebraic Dirac induction map Indrj for graded 
affine Hecke algebras. The map Indrj is a Hecke algebra analog of the explicit 
realization of the Baum-Connes assembly map in the i-Ctheory of the reduced 
C*-algebra of a real reductive group using Dirac operators. The definition of 
Indrj is uniform over the parameter space of the graded affine Hecke algebra. 
We show that the map Indjj defines an isometric isomorphism from the space of 
elliptic characters of the Weyl group (relative to its reflection representation) 
to the space of elliptic characters of the graded affine Hecke algebra. We 
also study a related analytically defined global elliptic Dirac operator between 
unitary representations of the graded affine Hecke algebra which are realized in 
the spaces of sections of vector bundles associated to certain representations of 
the pin cover of the Weyl group. In this way we realize all irreducible discrete 
series modules of the Hecke algebra in the kernels (and indices) of such analytic 
Dirac operators. This can be viewed as a graded Hecke algebra analogue of the 
Atiyah-Schmid construction of discrete series for real semisimple Lie groups. 
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1. Introduction 

1.1. Let W be a real reflection group with reflection representation V. Let k be a 
real valued VF-invariant function on the set of simple reflections and let H be the 
associated graded affine Hecke algebra with parameters specialized at k (Definition 
2.2[) . In this paper we define the Dirac induction map Ind^j for H. This map 
could be thought of as an algebraic analog of (the discrete part of) the explicit 
realization of the Baum-Connes assembly map fi : K§{X) — > Ko(C* ed (G)) for the 
K -theory of the reduced C*-algebra C* ed (G) of a connected real reductive group G 
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using Dirac operators (see |La| Section 2.1] for a concise account). In that context 
X = G/K is the associated Riemannian symmetric space (which we assume to have 
a G- invariant spin structure) and Kq(X) denotes the equivariant AT- homology with 
G-compact supports. 

In the present paper we describe the map Indu only on the discrete part of the 
equivariant A"-homology with G-compact support of the group G = V x W acting 
on X = V. After tensoring by C this space KQ disc (X) can be identified with the 
complexified space Rc{W) of virtual elliptic characters of W (in the sense of Reeder 
[R] . relative to the action of W on V). This space comes equipped with a natural 
Hermitian inner product, the elliptic pairing. The map Ind^i which we construct is 
an isometric isomorphism 

Indr, : R C (W) -> Jfc(H) 

where i?c(H) is the complexified space of virtual elliptic characters of H, equipped 
with its natural Euler-Poincare pairing. The latter space can be identified canoni- 
cally with the complexification of the discrete part of the Grothendieck group A'o(H) 
of finitely generated projective modules over H, elucidating the analogy with the 
(discrete part of) the assembly map as realized by Dirac operators. We study the 
integrality properties of this map, and the central characters of Indc(5). An im- 
portant role in this study is played by the Vogan conjecture as proved in jBCTj . 
and the study of certain irreducible characters of the pin cover of W. 

Next we consider a related analytically defined global elliptic Dirac operator be- 
tween unitary representations of the graded affine Hccke algebra which are realized 
on the spaces of sections of certain vector bundles associated to a representation 
of the pin cover of the Weyl group. In this way we realize all irreducible discrete 
series modules of the Hccke algebra in the kernels (and indices) of such analytic 
Dirac operators. This can be viewed as a graded Hecke algebra analogue of the 
Atiyah-Schmid construction of discrete series for real semisimple Lie groups. 

The results in this paper provide direct links between three directions of research 
in the area of affine Hecke algebras: 

(1) the theory of the Dirac operator and Dirac cohomology, as defined for 
graded affine Hecke algebras in jBCTl ICllCT]: 

(2) the Euler-Poincare pairing and elliptic pairing of affine Hecke algebras and 
Weyl groups, as developed in [OS2| iRl [So]: 

(3) the harmonic analysis approach of |EOS| IHO| IQlj to the study of unitary 
modules of graded Hecke algebras, particularly discrete series. 

We have used results on the existence and the central support of the discrete 
series of HI from jOl] , |Q2j , jOS2] in order to define the index of the global elliptic 
Dirac operators. We hope to replace this by analytic results in the index theory of 
equivariant elliptic operators in a sequel to the present paper. This could hopefully 
also shed more light on formal degrees of discrete series representations of H. 

1.2. Let us explain the main results of the paper in more detail. Let C(V) be the 
Clifford algebra defined with respect to V and a H^-invariant inner product ( , ) 
on V. Let W be the pin double cover of W, a subgroup of the group Pin(l/). When 
dim V is odd, C(V) has two nonisomorphic complex simple modules S + , S~ which 
remain irreducible when restricted to W. When dim V is even, there is a single 
spin module S of C(V), whose restriction to the even part of C(V) is a sum of 
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two nonisomorphic simple modules S + ,S~. The modules S ± are irreducible W- 
representations, where W is the index two subgroup of W given by the kernel of 
the sign representation. In order to describe the results uniformly, denote W = W, 
when dim V is odd. Let W' be the image of W in W under projection. 

In |BCTj . an analogue of the classical Dirac element is defined: in our case, 
this is T>, an element of H C(V). For every finite dimensional H-module X, left 
multiplication by T> gives rise to Dirac operators, which are Vy'-invariant: 

D ± : X® S ± -> X® S T . (1.2.1) 

The Dirac index of X is the virtual W'-module I(X) = Hp — Hp, where Hp = 
kerD /kerTD n imD T are the Dirac cohomology groups. A standard fact is that 
I(X) = X ® (5+ - S~), sec Lemma SU 

Let i?c(H) be the complex Grothendieck group of H-modules, and let ( , )j| p 
denote the Euler-Poincare pairing on JJc(H) (section f2.5p . The radical of this form 
is spanned by parabolically induced modules, and let i?c(H) be the quotient by the 
radical, the space of (virtual) elliptic H-modules. 

The algebra H contains a copy of the group algebra C[W] of the Weyl group as a 
subalgebra. The Grothendieck group Rc(W) has an elliptic pairing ( , )|y defined 
in [R] whose radical is spanned by induced representations (see section |2.4[) . Let 
Rc(W) be the quotient by the radical of the form, the space of (virtual) elliptic W- 
representations. An easy calculation noticed first in [CTj . see Theorem 14.21 shows 
that for every 6 € Rz{W), there exist associate H^'-representations 5 + and S~ such 
that (8 + ,5~)^, = and 

6® (S+ - S-) = S+-S-, and (8,S)$ = (S + ,S + ) W ,. (1.2.2) 

The relation between the elliptic theories of H and W is given by the restriction 
map. Precisely, combining results of jOSll IOS21 [So] for the afiine Heckc algebra 
and Lusztig's reduction theorems [LI] . one sees that the map 

r :Rc(M)^R c (W), [X] [X\ w ] (1.2.3) 

is a linear isometry with respect to the pairing ( , )J| P and ( , )yy- Om first main 
result is the construction of an inverse Indu for the isometry r, which we call the al- 
gebraic Dirac induction map. The definition of Indo combines elements of K-theory 
with the Dirac index of H-modules. Let Kq(M)c be the complex Grothendieck group 
of finitely generated projective H-modules and let Foi^o(H) be the subspace of pro- 
jective modules with zero dimensional support (Definition 14.80 . The rank pairing 
(14.3.11) induces an injectivc linear map 

$ : F a H a (U) -> i? c (H) (1.2.4) 

with good properties with respect to the rank pairing and the Euler-Poincare pairing 
(Lemma 14. 90 . Then the map Indu is defined by extending linearly 

lnd D {S) = $([H®h" ((S+)* ® (S+ - S~))}), SeR z (W). (1.2.5) 

The following result is part of Theorem 14.111 

Theorem 1.1. The map Indjj is well-defined, and it is the inverse of the map r: 

(Ind D (5),X)| p = (5,r(X))^, (1.2.6) 
for every S £ R C {W) and X € ^c(H). 



4 



DAN CIUBOTARU, ERIC M. OPDAM, AND PETER E. TRAPA 



As a consequence, we find that whenever S is a rational multiple of a pure 
element in Rz(W), see Definition 14. 12[ then Ind£>(<5) is supported in a single central 
character A(S), see Corollaries 14.131 and 15.71 Wc also prove in Theorem 14.181 that 
the central character Indi)(<5) depends linearly in the parameter function k of the 
Hecke algebra. 

In section [5~J we study further the map Indu in the case when the root system R 
is irreducible, in particular, we investigate its behaviour with respect to the integral 
lattices Rz(W) and J?z(H), see section [5751 To this end, in Theorem 15.11 we find 
appropriate orthogonal bases consisting of pure elements for the lattices i?z(H) and 
Rz{W). 

1.3. The second part of the paper concerns a realization of discrete series H- 
modules in the index (hence kernel) of certain global Dirac operators. This can be 
regarded as a Hecke algebra analogue of the construction in |AS| . One complication 
in our setting is that, while the discrete series and tempered spectra of the graded 
affine Hecke algebra H are known |L2[ IQlj , there is no known abstract Plancherel 
formula for H. To bypass this difficulty we construct directly certain analytic models 
X^(E® S ), which are (pre)unitary left H-modules, for every W-representation E. 
It is easy to check that every irreducible H-submodule of X'^E® S ± ) is necessarily 
a discrete series (Lemma 16. 14[) . 

These models are analogous with the spaces of sections of spinor bundles for 
Riemannian symmetric spaces from jASj . The construction that we use is an adap- 
tation of the ones from |HOj and |EOSj (the latter being in the setting of the 
trigonometric Cherednik algebra). A new ingredient is an M-invariant inner prod- 
uct, this is Theorem 16.31 a generalization of the unitary structure from jHOj . Once 
these definitions are in place, we can consider global Dirac operators acting "on the 
right" : 

D%:Xl{E®S ± )^Xl{E®ST). (1.3.1) 

If A is a central character of H, restrict to the subspace X' U (E S ± )\ of 
X'^(E ® S ± ) on which the center Z(M) acts via A. Denote by Djj,(\) the restricted 
Dirac operators. Define the global Dirac index to be the formal expression 

Ib = © (ker£>+(A) - kerD^(A)), (1.3.2) 

A 

a virtual left H- module. We show in section 16751 that this sum is finite. 

We define an analytic Dirac induction map Ind^, : Rc(W) — > i?c(EI) as follows. 
Let (5 S Rz(W) be given, and let 5 + be the W-representation in (|1.2.2|) . Set 

IndS(5) = / (?+) ,. (1-3.3) 

A consequence of Vogan's conjecture (Theorem I3.2[) is that the irreducible H- 
modules that occur in Ind^(<5) must have a prescribed central character A(<5), see 
Theorem 14.181 The main results about Ind^, can be summarized as follows (see 
Theorem ETUI). 

Theorem 1.2. (1) For every irreducible W-module X, HomH(A, Ind^((5)) = 
unless X is a discrete series with central character A(5), in which case 

dimHom H (A,IndSW) = (r(X),5)$. (1.3.4) 
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(2) Let X be an irreducible discrete series M-module. Then X = Ind^)(r(X)) 
as M-modules. In particular, the image of the map Ind 1 ^ is the span of the 
discrete spectrum of H. 

Notation 1.3. If k is a unital commutative ring and A is a fc-associative algebra, 
denote by Rep(A) the category of (left) A- modules and by Rep fd (A) the category 
of finite dimensional modules; if G is a group, denote by Rep fc (G), the category of 
fc[G]-modules. Let Rk (A) and Rk(G) denote the Grothendieck rings of Rep(^4) 
and Rep fc (G), respectively, with coefficients in a ring K. 

2. Preliminaries: Euler-Poincare pairings 

2.1. The root system. Fix a semisimple real root system <f> = (V, R, V w , i? v ). 
In particular, V and V v are finite dimensional real vector spaces, R C V \ {0} 
generates V, R v C \ {0} generates V v and there is a perfect bilinear pairing 

( , ) : V x V y -> R, 

which induces a bijection between i? and i? v such that (a, a v ) = 2 for all a £ R. 
For every a S i?, let s Q : V — > V denote the reflection about the root a given by 
s a(v) = v — (v,a v )a for all v € V. We also identify s a with the map s a : V v —> V v , 
s a (v') =v'- (a,v')a v . 

Let be the subgroup of GL(V) generated by {s a : a £ R}; we may also regard 
W as a subgroup of GL(V y ). Fix a basis F of R and set 5 = {s a : a g F}. Then 
(W, 5) is a finite Coxeter group. 

Let Q = ZR C V denote the root lattice, V C V the weight lattice, and form 
the affine Weyl group W a ff = Q x W. Let i^ff be the set of simple afhne roots, and 
S a ff D S the corresponding set of simple afhne reflections. Let I denote the length 
function of the Coxeter group (W a ffi Saff)- 

The complexified vector spaces will be denoted by Vc and . 

2.2. The affine Hecke algebra R. Let q : S a ff —> R>o be a function such that 

1 /2 

q s = q s i whenever s, s G S a ff are Waff-conjugate. For every s £ S a ff, let q s denote 
the positive square root of q s . 

Definition 2.1. The affine Hecke algebra T~L = R(W a ff, q) is the unique associative 
unital free C-algebra with basis {T w : w £ W a ff} subject to the relations: 

(i) T W T W , = T ww , if t(ww') - t{w) + e(v/); 

(ii) (T s - ql /2 )(T s + q7 1/2 ) = 0, for all s £ S aff . 

A particular instance is when the parameters q s of R are specialized to 1; then 
R becomes C[W a ff]. 

A result of Bernstein (cf. [Lit Proposition 3.11]) says that the center Z(R) oiR is 
isomorphic with the algebra of W^-invariant complex functions on Q. In particular, 
the central characters, i.e., the homomorphisms x* : Z(R) — > C are parameterized 
by classes Wt in W\T, where T is the complex torus C (£>z V . We say that the 
central character is real if t £ R ®% V. 

Denote by Rep("H)o and Rep fd ('H)o the respective full subcategories of "H-modulcs 
with real central characters. If P C F, let Wp denote the subgroup of W generated 
by {s Q : a £ P}. Let Hp be the parabolic affine Hecke algebra, see |So| section 1.4] 
for example. 
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Delorme-Opdam defined the Schwartz algebra S of H ( [DO| section 2.8]) by 
<S = { c w T w : for all n e N, (l+£(w)) n c w is bounded as a function in w E W a ff}. 

(2.2.1) 

Then S is a nuclear Frechet algebra (in the sense of [OH Definition 6.6]) with 
respect to the family of norms 

Pn( CwTw ^ sup{(l + ^(w)) n |c« u | : w e W aff }. 

W G Waff 

An irreducible module X 6 Rep c ('H) is called tempered if it can be extended to a iS- 
module. The irreducible summands in the 'H-decomposition of S are called discrete 
series. These definitions of tempered and discrete series agree with those given by 
the Casselman criterion which we do not recall here, instead we refer to [Oil section 
2.7] for the details. Let Rep(6>) denote the category of iS-representations. 

2.3. The graded affine Hecke algebra M. Let k = {fc Q : a £ F} be a set 

of indeterminates such that fc Q = k a , whenever a, a' are W- conjugate. Denote 
A = C[k]. Let <C[W] denote the group algebra of W and S(Vc) the symmetric 
algebra over Vfc. The group W acts on S(Vc) by extending the action on V. For 
every a € F, denote the difference operator by 

A : S(V C ) -> S(V C ), A a (p) - p ~ Sa ( p \ f 0r a n p g S(V C ). (2.3.1) 

a 

Definition 2.2. The generic graded affine Hecke algebra Ma = H($,F, k) is the 
unique associative unital A-algebra such that 

(i) U A = S(V C ) ® A[W] as a (S(V C ), A[W r ])-bimodulc; 

(ii) s a -p = 8 a (p) ■ s a + k a A a (p), for all a G F, p € S(V C ). 

If k : F — > R>o is a function such that k a = k a i whenever a, a' € F are 
VF-conjugate, let H (or H^, when we wish to emphasize the dependence on the 
parameter function k) be the specialization of Ma at k, i.e., H = Cfe <E)a Ma, where 
Cfc is the A-module on which k acts by k. 

A result of Lusztig |L1| Proposition 4.5] says that the center Z(Ma) of is 
A <g) C S(Vc) w - In particular, Z(M) = S(V C ) W and the central characters \ X ■ 
Z(M) — > C are parameterized by classes WX in W\V^ . We say that the central 
character \ X is real if A S V y . 

Denote by Rep(H)o and Rep fd (H)o the respective full subcategories of H- modules 
with real central characters. If P C F, let Hp be the parabolic graded affine Hecke 
subalgebra, see [Sol section 1.4] for example. 

Definition 2.3. An H-module X is called tempered if every 5 , (Vc)-weight v <G 
of X satisfies the Casselman criterion 

< 0, for all fundamental weights lu eP. (2.3.2) 

The module X is called a discrete series if all the inequalities in (|2.3.2[) are strict. 
Denote by DS(H) the set of irreducible discrete series H-modules. 

A particular case of Lusztig's reduction theorems is the following. 
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Theorem 2.4. There is an equivalence of categories 

r) : Rep fd (H(W aff: q)) -> Re Pfd (H fe )o, 

where the relation between the parameters q and k is as in |OS2[ (26)]. Moreover, 
X e Rep fd ('H(W a ff , q))o is irreducible tempered (resp. discrete series) if and only if 
T)(X) G Rep fd (Hfc)o is irreducible tempered (resp. discrete series). 

2.4. Euler-Poincare pairing for the Weyl group. If a € Rc(W), let \a denote 
the character of a. 

Definition 2.5 ((Rj section 2.1]). For a, \x £ Rc(W), the Euler-Poincare pairing is 
the Hermitian form 

(a,fi)w = T^Tj Yl Xa(w)x^(w)dct Vc (l - w). 

An element w € W is called elliptic if detv r c (l — w) ^ 0. 

For every parabolic subgroup Wp of W corresponding to P C F, let ind^ p : 
Rep c (Wp) — > Rep c (T4 7 ) denote the induction functor. 

Theorem 2.6 ([H (2.1.1), (2.2.2)]). The radical of the form ( , )f£ on R C (W) is 
£ p£F ind^ p (R c (Wp)). Moreover: 

(i) ( , )||> induces a positive definite Hermitian form on 

Rc(W) = Rc(W)/ md% p (Rc(Wp)). 

PCF 

(ii) the dimension of Rq(W) equals the number of elliptic conjugacy classes in 
W. 

2.5. Euler-Poincare pairing for H. 

Definition 2.7 f fOSTl (3.15), Theorem 3.5]). Define on R C {H) a Hermitian form 
( , )W by 

(X, V)ff = ^(-l) 1 dimEx4(X, Y), for all I,fe i? c (H). 

i>0 

Let ind^ p : Rep c ('Hp) — > Repp^) denote the induction functor. HP C F, one 
can see that the space ind^ p (i?c(^p) is in the radical of ( ,)^ p , jOSll Proposition 
3.4] Therefore, ( , )|^ p factors through 

Rc(H) = i? c (H)/ ^ md% p (R c (H P )). 

PCF 

One can define the pairing ( , )§ p in Rc(S) and consider the space of (virtual) 
elliptic tempered modules Rc(S). As a consequence of the Langlands classification, 
one sees easily that Rc(H) = Rc(S). The fact that this isomorphism is an isometry 
with respect to the Euler-Poincare pairings follows from |OSl| Corollary 3.7]: 

Ext^ (A", Y) = Ext^ (A", Y) , for all finite dimensional tempered "W-modules X, Y. 

(2.5.1) 
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Theorem 2.8 ( [0S1| Theorem 3.8]). If X is an irreducible discrete series H-module 
and Y is a finite dimensional tempered %-module, then 

Ext^(X,F) = Ext\-(X,Y) = 0, for all i > 0. (2.5.2) 

In particular, (X, Y)^ = 1 if X = Y and otherwise. 

Solleveld |Sol Theorem 4.4.2] defines a scaling map 

r : Rc(S) -> RciWjf), T (X) = limX\ q3 _ ¥qf , (2.5.3) 

this has the property that it factors through Rc(S) = Rc{7~L) — > Rc(W B ff). The 
relation with the elliptic theory of the Weyl group can be summarized in the fol- 
lowing statements which are a combination of |OSl[ Theorem 3.2, Proposition 3.9] 
together with [OS2l Corollary 7.4] and [Sol Theorem 2.3.1]. 

Theorem 2.9 (Opdam-Solleveld). (i) The map tq defines a linear isomor- 
phism R C (H) -> Rc(W 3ff ), [X] ^ [t (X)}. 

(ii) The isomorphism tq from (i) is an isometry with respect to ( , )^ and 
( , )wrf> respectively. 

(iii) The map T e n : Rc(H)o Rc(W), given by [X] [to(X)|vi/] is a linear 
isomorphism and an isometry with respect to ( , and ( , )^. 

2.6. Euler-Poincare pairing for H. We need to translate the previous results in 
the setting of the graded Hecke algebra H. Define the pairing ( , )J| P on i?c(H) 
and the space of virtual elliptic modules i?c(H) in the same way as for %. Lusztig's 
reduction equivalence r\ : Rep fd ('H)o — > Rep fd (H)o induces a linear isomorphism 
77 : Rc(H)o — > i?c(H)o which is an isometry with respect to the Euler-Poincare 
pairings. In fact, i?c(EI)o = Rc(M), i.e., all finite dimensional elliptic H-modulcs 
have real central character. Comparing with the results recalled before, we arrive 
at the following corollaries. 

Corollary 2.10. If X is an irreducible discrete series M-module, and Y is a finite 
dimensional tempered M-module, then (X,Y)$f = 1 if X = Y and otherwise. 

Corollary 2.11. The restriction map res : Rep c (H) — > Rep c (W), res(X) = X\w 
induces a linear isometry 

r:Rc{M)^R c {W) (2.6.1) 
with respect to ( , ){| p and ( , )^, respectively. In particular, if X is an irre- 
ducible discrete series M-module, and Y is a finite dimensional tempered M-module, 
(r(X), r{Y))fl r = lifX = YandO otherwise. 

3. Preliminaries: Dirac operators for the graded affine Hecke 

ALGEBRA 

We retain the notation from the previous section. We recall the construction 
and basic facts about the Dirac operator for H. 

3.1. The pin cover of the Weyl group. Fix a ly-invariant inner product ( , ) 
on V and let C(V) denote the Clifford algebra, the quotient of the tensor algebra 
of V by the ideal generated by {to ® uj' + u' ® ui + 2(ui,ui') : to, to' G V}. Let 
0(V) denote the group of orthogonal transformations of V with respect to ( , ). 
We have W C 0(V). The action of -1 e 0(V) on C(V) induces a Z/2Z-grading 
C(V) = C(V) even + C(V) dd, and let e be the automorphism of C(V) which is 1 
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on C(V)even and —1 on C(V) dd- Let ' be the transpose automorphism of C(V) 
defined by oj 1 = —uj, u) E V, and (o6)* = 6'a* for a, b G C(V). The pin group is 

PinlV) = {a G C(F) : e(a)Va _1 C V, a* = a" 1 }; (3.1.1) 

it is a central Z/2Z-extension of 0(V): 

1 -> {±1} -)■ Pin(F) 4 O(V) -> 1, 

where p is the projection p(o)(w) = e(o)wo~ l . Construct the central Z/2Z-extension 
W=p~ 1 (W) oiW: 

l^{±l}4W4lf4l. (3.1.2) 
The group has a Coxeter presentation similar to that of W, see [M] : 

iy=(z,? a ,aef :z 2 = l, = (s a *|8) ro(a,W =la^£f). (3.1.3) 
With this presentation, the embedding of W in Pin(V') is given by: 

z i V —1, s Q i-> t — -a. (3.1.4) 
\a\ 

3.2. The Dirac element. The generic Heckc algebra Ma (Definition I2.2[) has a 
natural ^-operation coming from the relation with the affinc Hecke algebra % and 
p-adic groups. On generators, this is defined by 

k* a = k al ae F; w* = w' 1 , w eW: 

= •«*)(£) •«*> = -£+ E h&F) 8 f>> Z eV - (3 ' 2,1) 

0ER+ 

For every £ G V, define 

£ = £ - T,, where 7> = 1 ^ kfi&F) a fi e H ^ ( 3 - 2 - 2 ) 

Then = -I, for all £ G V. 

Definition 3.1. Let be dual bases of V, ( , ). The Dirac element is 

P = ^C l ®feH i ®C(V r ). 

It does not depend on the choice of bases. 

Write p for the diagonal embedding of C[W] into HUcg)C(F) defined by extending 
linearly p{w) = p(w)<S>w. By |BCT[ Lemma 3.4], we see that T> is sgn W- invariant, 
i.e., ^ 

p(w)V = sgn(w)Vp{w), for all w G W. (3.2.3) 
Moreover, jBCTl Theorem 3.5] computes T> 2 , and in particular shows that V 2 acts 
diagonally on VF-isotypic components of X ® S, for every irreducible H-module X 
and every C(V / )-module S. More precisely, define 

fl^^eZW, (3.2.4) 

and 

fl^ = | £ fc a ^|a v p v |s Q ^GC[W?] w . (3.2.5) 

a>0,/3>0,s Q (^)<0 
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Then, we have 

V 2 = -fi®l + p(fi^). (3.2.6) 

3.3. Vogan's conjecture. In this section, we sharpen the statement of Vogan's 
conjecture (proved in jBCTj ) related to the Dirac cohomology of H- modules. The 
following result is the generic analogue of jBCTl Theorem 4.2]. 

Theorem 3.2. Let Ma be the generic graded Hecke algebra over A = C[fc] (see 
Definition \2.ty) . Let z £ Z(Ma) be given. There exists a £ Ma © C(V) dd and a 
unique element £(z) in the center of A[W] such that 

z© 1 = p(C(z)) +Va + aV, (3.3.1) 

as elements in Ma © C(V). Moreover, the map z — > £(z) defines an algebra homo- 
morphism ( : Z{M A ) -> A[W] W . 

Notice that under the homomorphism £ we have 

C(n) = ft w , (3.3.2) 

where is as in Q3.2.4P and is as in (|3.2.5[) . 

Proof. We proceed as in jBCTl section 4]. Let C M\ C ... M^ C . . . be the 
filtration coming from the degree filtration of S(Vc). (The group algebra A[W] has 
degree zero.) The associated graded object (BjM A> = HT^/H^" 1 , is naturally 
isomorphic as an A-algebra to Ma,o = A ©c ^o- Define 

d:M A ®C(V) -+M A ® C(V), 

by extending linearly d(h © c\ . . . ct) = V ■ (h © c\ . . . eg) — {—\) e (h ® c\ . . . eg ) ■ T>, 
h £ Ma, c, £ V, and restrict d to 

d*'™ : (M A © C{V)) triv -> (M A © C(V)) 5gn , 

as in jBCTl section 5] . The statement of Theorem 13.21 follows from 

ker(d triv ) = im(d sgn ) © p(A[W] W ), 

see |BCT| Theorem 5.1]. This in turn is proved as follows. Firstly, one verifies that 
ker(d* riv ) D im(<i 5gn ) © p(A[W] W ). Secondly, d triv induces a graded differential 

d tHv : (M A ,o ® C{V)f" -> (lU.o © C(y)) 5gn , 
for which jBCTl Corollary 5.9] shows that 

kcr(d triv ) = im(? gn ) (Sp(A[W] W ). (3.3.3) 

Thirdly, one proceeds by induction on degree in © C(V) to deduce from (j3.3.3j) 
the opposite inclusion ker(<f r iv ) C im(d sgn ) © p(^[W / ] w ). This is the step that we 
need to examine more closely. 

Let b £ kcr(d tnv ) be an element of M A © C(V) (i.e., an element of degree n in 
the filtration), which can be specialized to z © 1. Since d trlv (&) = 0, taking the 

graded objects, we have d tm (b) — in HU,o ® C(V). From (j3.3.3|) . there exists 
c £ (H^, 1 © C(y)) sgn and s £ A[W] W such that 

b = d g c + ~p(s). 
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Choose c G (H^ _1 ® C(F)) 5gn such that c is the image of c in (HI™" 1 <g> C(F)) sgn . 
For example, if c = J] uj&^i • • . £«,,«-]. £ W)i G Vc, G C(V), we can 

choose c = w£w,i ■ ■ ■ £w,n-i (8 /iu. Then 

6 - d 5gn c - p(s) = b - ct g "c - p(s) = 0, 
hence b - d sgn c - p(s) G (H^f 1 <g> C(F)) triv . On the other hand, 

d tr,v (b - d sgn c - p(s)) = d tr,v (b) - d 2 (c) - d tr]v (p(s)) = 0, 

where <P r]v (b) = by assumption, d 2 (c) = by [BCTl Lemma 5.3], and d tr]v (p(s)) = 
by [BCTl Lemma 5.2]. But then, by induction, b - cf gn c - p(s) = <f g V + p(s'), 
where s' G A[W] W and c' G (HU ® C(F)) 5gn . 

□ 

Corollary 3.3. Let £ : Z(HU) — > A[W] W be the algebra homomorphism from 
Theorem \ 3.2[ Then the image of £ lies in A[kersgn], where sgn is the sign W- 
representation. 

Proof. For every z G Z(HU), consider the defining equation (|3.3.1[) for C( z )- Since 
a G HU ® C(y) dd, we have 2?a + al? G HU (g> C(V) ev en, and also clearly 2 (g> 1 G 
HU ® C(V) ev en- Thus /o(C(^)) £^8 C{V) eV en, and the claim follows. □ 

4. DlRAC INDUCTION (ALGEBRAIC VERSION) 

The goal of this section is to construct an inverse of the restriction map r from 
(|2.6.1|) . using the Dirac index theory. 

4.1. The local Dirac index. The notion of Dirac index for finite dimensional 
H-modules was introduced in |CT| section 2.9]. Let X be a finite dimensional 
H-module. Denote 

W , = (W, if dirndls odd, 

[kersgn, if dim(V) is even. 

Set also W = p(W') C W. 

Assume first that dim V is even. Then C(V) has a unique complex simple module 
S whose restriction to C(I^) eV en splits into the sum of two inequivalent complex 
simple C(F)even-modulcs The Dirac operator D G End^cfy) (X ® S) is 

the endomorphism given by the action of the Dirac element T>. When restricted to 
H(gC7(l/)even, D maps X ® S ± to X ® 5 T , and denote by D ± : X^S* -> XfgS^, 
the corresponding restrictions. From (|3.2.3[) . we see that D both commute with 
the action of W. Define the Dirac cohomology of X to be the W- representation 

H D (X) = kerD/ker J DnimD. (4.1.2) 

We may also define cohomology with respect to D ± as the ^'-representations 

H+(X) = ker£>+/kerD+ n imD" and H D = kerD'/kerD" n imD+. (4.1.3) 

Then the index of X is the virtual W^'-modulc 

I(X) = H+-H». (4.1.4) 

Now consider the case when dimF is odd. The Clifford algebra C(V) has two 
nonisomorphic complex simple modules S + , S~ . The restriction of S + and S~ to 
C(V) even are isomorphic, and they differ by the action of the center Z(C(V)) = 
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Z/2Z. As before, we have the Dirac operator D <G End(A <g> S + ) given by the action 
of T>. By (|3.2.3[) . D + is sgn W-invariant, but by composing D with the vector 
space isomorphism S + — > S~ , we may regard D + : X ® S + X ® S~ as W- 
invariant. Similarly, we define D~ . Then the definitions (|4.1.2|) . (|4.1.3|) and (|4.1.4j) 
make sense in this case as well. Notice that the Dirac index of I{X) is a virtual 
W' = W-modn\e. 

Recall that S ± admit structures of unitary C(y) eve n-modulcs. If X is unitary 
(or just Hermitian), let ( , )x®s± denote the tensor product Hcrmitian form on 
X ® S . Then D + , D~ are adjoint with respect to ( , )x®s±j i- c -: 

(D+x,y)xG>s- = (x,D~y) x ®s+, for all x G X $ S + , y G X <g) S~ . (4.1.5) 
The following result is standard. 

Lemma 4.1. As virtual W' -modules, I(X) = X <g> S + — X <g> S~, for every finite 
dimensional M-module X . 

Proof. Let a be an irreducible H^'-module. Let D~ be the restrictions of D ± to 
the cr-isotypic component (X in X 5*, respectively. There are two cases: 

(i) D~ D~ 7^ or equivalently D~ D~ ^ 0. In this case, D± and D~ are both 
isomorphisms, and thus the identity in the Lemma is trivially verified. 

(ii) D~D~ = or equivalently D~D~ = 0. Consider the complex 

-> ker£>± -> (X <8> % (X ® % imD~ -> 0. (4.1.6) 
The claim follows from the Euler principle. 

□ 

Two important observations are that 

2 " ~ 
(5 ,+ -5~)0(5' + -5")* = ^ ^ V(-l)'A^c, as virtual W-modules, (4.1.7) 

and that the character of Si=o( — 1) ! Vc on iu G W is 

detvfc(l-w). (4.1.8) 
In particular, since S* + — S 1- is supported on the elliptic set, 

/(ind« p (i? c (H P ))=0, (4.1.9) 

for every proper parabolic subalgcbra Mp of H. Let R(W') gen be the Grothcndicck 
group of W spanned by the genuine representations, and let ( , be the usual 

character pairing on R(W'). 
We define an involution 

Sg : R Z (W') -> Rz(W'), (4.1.10) 

as follows. If dimF is odd, W = W, and set Sg(tr) = a ® sgn for every a G 
Rz{W). Suppose that dimT^ is even. Assume a = a ® sgn, for an irreducible W- 
representation a. Then a restricts to W as a sum a + © a~ of two inequivalent 
irreducible representation of the same dimension. Set Sg(cf ± ) = a T . liaj^ (7<g>sgn, 
then — ® s S n l^' an( i m this case set Sg(a|^,) = cf|^,. This assignment 

extends to an involution Sg : Rz(W) — >• Rz(W). 
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For every a%, <72 G Rz(W), one has 

pi,V2)w, =<Sg(? 1 ),Sg(oF a ))^,. (4.1.11) 
Then we obtain the following result. 

Theorem 4.2 ([CT]). (1) TTie map i : R Z (W) -> i?z(W^) g en, «5 i-> «5 ® (5+ - 

<S _ ), gives rise to an infective map i : Rc(W) — > Rc{W') gen which satisfies 

(i(Si),i(S2))w'= 2 i^^)w, for allS 1 ,S 2 eR c (W). (4.1.12) 

(2) Let 8 G #z(W) fee c/iven. Then 

i(S) = S + -S-, (4.1.13) 

/or unique W -representations d + ,6~ such that 

8- = Sg(8+), (5+,6-) w , = 0, and (8+,8+) w , = (5~ ,8-) w , = (5,6)$. 

(4.1.14) 

Tn particular, if 6 is an element of norm one in Rz(W), then S + , 6~ are 
irreducible. 

Sketch of proof. We sketch the proof for convenience. Claim (1) is immediate from 
fljXT} and (|4.1.8p . For claim (2), one uses the involution Sg from (|4.1.10p . Notice 
that 

Sg(i(*)) - -<(*). 

Since i(<5) is an integral virtual VF'-character, there exist IF'-representations S + 
and S~ with (8 + ,8~)^, = 0, such that i(8) = 8 + — 8~. Applying Sg, we conclude 
that 8" = Sg(8 + ). The rest is a consequence of (1). □ 

Motivated by this result, we make the following definition. 

Definition 4.3. Let lrrg en IT' be the set of irreducible genuine VF'-representations 
5 which occur as a component of i(8) for some 8 G Rz(W), see Theorem 14. 2( 2). 
From the construction, one sees that if 8 G \rr gm W', then Sg(S) G lrr gen lT'. 

Example 4.4. If R is of type A n -i, then \rr° en S' n = {S + ,S~}, where S + , S~ 
are the two associate spin ^-modules. For comparison, in this case, |lrr gen iS^J = 
k\ + 2k%, where k\ is the number of partitions of n of even length, and ki is the 
number of partitions of n of odd length. 

If R is of type B n , then lrrg en VF' = lrr g e n IF'. This can be seen directly using the 
description of VF(i?„)-representations, see [Cj Theorem 1.0.1 and section 3.3]. 

4.2. The central character and Vogan's conjecture. Theorem 13.21 imposes 
strict limitations on the central character of modules with nonzero Dirac cohomol- 
ogy. In light of Corollary 13.31 we may regard the homomorphism Q as 

C : Z(M) -> Z(C\W']). 

Definition 4.5. If 8 is an irreducible IF'-representation, define the homomorphism 
(central character) X 5 ■ Z{M) -> C by X 5 {z) = 8(C(z)) for ever y z e Z(U). 

As in [ BCT] , an immediate corollary of Theorem 13.21 is the following. 
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Corollary 4.6. Let X be a M-module with central character xx- Suppose there 
exists an irreducible W -representation 8 such that Hom^, [S, Hu(X)] ^ 0. Then 

Xx = X 5 - 

4.3. The rank pairing. Let Kq(M) be the Grothendieck group of finitely gener- 
ated projective H-modules. Every such projective module P is given by an idem- 
potent p £ Mjv(H), for some natural number N, such that P can be identified with 
the image of p acting on H . One defines the rank pairing to be the bilinear map 

[ , ] : K (M) x flz(H) -> Z, such that [[P], [tt]] := rank(7r(p)), (4.3.1) 

for every finitely generated projective module P and every irreducible H-modulc 
(tt, Vn); here w(p) is regarded as an element of Mjv(Endn(14-))- 

The rank pairing extends to a Hermitian pairing [ , ] : K (H)c x i?c(H) — > C. 

Remark 4.7. If 5 is a finite dimensional IT- representation, the induced module 
H(£>c[w] 8, an H-module under left multiplication, is a finitely generated projective 
H-module. For every finite dimensional H-module X , the rank pairing is 

[H(g) C[w] S,X] = dimRom w (S,X). (4.3.2) 

The same formula holds with W' in place of W. 

We define a notion of support for elements of Ko(M)c. If A £ , let Irrviov(H) 
denote the set of isomorphism classes of irreducible H-modules with central char- 
acter 1TA. 

Definition 4.8. If A £ K (B) C , define 

supp(A) = {A £ V<£ : there exists X £ \rr wx (B.) such that [A,X] ^ 0}. (4.3.3) 

Set FiK (B)c = {A£ K {M) C : dimsupp(T) < i} and F_iiro(H) c = R^i^h) kcr[-, tt]. 
Define 

F ff (H) = F A'o(H)c/F-iAo(H)c. 

By definition, 

[A, X] = for all X £ Irr(H) implies that A £ F_iif (H)c- (4.3.4) 

Lemma 4.9. T/ie ranA; pairing {^.S.lty gives rise to a canonical injective linear map 
<$> : F H (U) -> ffic(H) swc/i t/iat 

= ($(T),X)^ P , / r oft A e F ff (H), X £ i? c (H). (4.3.5) 

Proof. Firstly, the rank pairing descends to a pairing [ , ] : F H (M) x -Rc(H) — > C, 
which is nondegenerate on the left by (|4.3.4[) . Secondly, let A £ F H (M) be given, 
and suppose that X = H<x>ih p a is a parabolically induced module, a £ Irr(Hp) such 
that [.A, -X"] ^ 0. We can form the family {a x = a <E> x '■ X character of Z(Hp)} C 
Irr(Hp). Then [A, X x ] ^ 0, for all X x = H<g>n p c x . But, by definition, this implies 
that the central characters of X x are all in supp(A), and therefore dimsupp(A) > 0, 
a contradiction. Hence, [A, X] = for every proper parabolically induced module 
X. 

This implies that the rank pairing descends to a pairing FoHq(B) ® i?c(H) — > C. 
Because this is nondegenerate on the left, it defines an injective linear map 

$' : F H {M) ^i? c (H)*, = [A, •] : Sc(H) -> C. (4.3.6) 
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Using the nondegenerate Hermitian pairing ( , )J§ P : i?c(H) x i?c(H) — > C, we get 
an injection 

i : i? c (H) ^i? c (H)*, i(Jt) = (-,X)| p , XGEc(H). (4.3.7) 

Since i?c(U) is finite dimensional, i is a bijection. Define 

$ = i- 1 o $' : F i? (M) ->i? c (H). (4.3.8) 

It is clear from the definitions that L4,X] = ($(A),X)| P , for all ^ G F H (B), 
XeRc(M). □ 

4.4. The Dirac induction map Indrj. 

Definition 4.10. The Dirac induction map Indrj : Rc(W) — > i?c(H) is the linear 
map defined on every 8 £ Rz(W) by 

lnd D (6) = §(\R® W , <8> - p8>w« ((?+)* <8> (4.4.1) 

where $ is the map from Lemma l4.9l and 8 + is the VF'-represcntation from Theorem 

E212). 

Theorem 4.11. (1) TTie map Ind.D from Definition \4 ■ 1 0\ is well-defined, i.e., 
[H ® w > ((S+)* ® ST+)] - pE£®vv' ((£+)* ® S")] £ F i7 (H). 

(2) for even/ (5 G Rz(W), 

(Ind D (S),X)^ = (6 + ,I(X)) w „ (4.4.2) 

where I(X) is the Dirac index of X . 

(3) For every X G i? c (H) and <S G Rc(W), 

(Ind D (6),X)^ p = (6,r(X))t. (4.4.3) 

Proof. Let X be a finite dimensional H- module. Let 5 be an element of J?z(H). 
Using (|4.3.2[) , we have the rank pairings: 

pH®^^)*®^),*] = dimHom M /'((o r+ )*®S ,± ,X) = dimHom ^^? ,(( ( 5 + )^X®(5' ± ) , 
Therefore, using also Lemma |4"7T1 

[H® w < ((? + )* ®S+),X] - [H® W ' ((? + )* ® S~), X] = dimUorn^, {{§+)*, I {X)*) 
= (S+,I(X)) W ,. 

(4.4.4) 

Since I(X) = whenever X is a proper parabolically induced module (|4.1.9p . we 
see that the support of [H ®w> ((?+)* ® S* + ),^] - [H ®w ((? + )* ® 5*"),^] is a 
subset of the set of central characters of elliptic tempered H-modules. Then (1) 
follows. 

Claim (2) is immediate from (|4.4.4[) and Lemma l4~9l 

For claim (3) let S be an element of Rz(W) and X an element of R%{M)). Using 
Theorem S^l), 

\mAx\w)) w , = \( 



{5,X\ w )t- = -(i(5),i(X\w)) W , = -(i(6),I(X)) w , 



(4.4.5) 

= -(5+-5-,I(X)) w ,=(8+,I(X)) w ,. 
For the last equality, we used the involution Sg of (|4.1.10l) to see that 
(S + ,I(X)) W , = (Sg(5 + ),Sg(I(X))) w , = (S-,-I(X)) w ,. 
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□ 

Definition 4.12. Let (X , ( , )) be a Z-lattice in an Euclidean space (E, ( , )). A 
vector v G X is called pure if v cannot be written as a sum v = v\ + where 
Vi,V2& X \ {0} and (vi,v 2 ) = 0. 

Denote 

y = r(i? z (H)) cRz(W), (4.4.6) 

a Z-lattice with respect to the pairing ( , )^ in Rc(W). Notice that a priori, the 
lattice y depends on the parameter function k of H. 

Corollary 4.13. (1) Indu is the inverse map ofr. 

(2) For every S € Rc(W), the Dirac index of Ind£>(<5) is 

I(lnd D (S)) = i(6). (4.4.7) 

In particular, I(lnd]j(S)) is independent of the parameter function k o/H. 

(3) If S is a pure element (in the sense of Definition of the lattice y 
defined in J^.^.6j ), then Indr)(5) is supported by a single central character. 

(4) // a rational multiple of S € R%(W) is pure in y , then the central char- 
acter of Indi)((5) equals x S (see Definition \4-5\ ) for any irreducible W' - 
representation S occuring in i(S). 

Proof. Claim (1) is immediate by Theorem l4.11( 3). Namely, given X e -Rc(H): 

(lnd D (r(X)),Y)i P = (r(AV(y)># = (X,Y)* P , (4.4.8) 

for every Y G Rc(R). Since ( , )|| p is nondegenerate on i?c(H), it follows that 
Ind D (r(X)) = X in iJc(H). 

By Lemma l47fl I(lnd D (d)) = i(r(Ind D (S))). Claim (2) now follows from (1). 

For (3), the restriction Indu \y '■ y —> Rz(V) is an isometric isomorphism and 

an inverse of r : i?z(H) — > y. Given S e y, decompose Ind£>(<5) = X\ -| + Xt in 

Rz(H), where: 

(a) Xi is in the class of an integral virtual H-modulc; 

(b) Xi has central character 

(c) the central characters Xi are mutually distinct. 

By (c), EP(Xi,Xj) = for all i ^ j. Then 5 = r(Indz>(£)) = r(Xi) + ■ ■ ■ + r(X£) is 
an orthogonal decomposition of 8 in y. Since (5 is pure, t = 1 by definition. 

To prove (4), notice that (3) implies that Indu((5) is supported by a single central 
character. On the other hand, if 5 occurs in i(5), then (5, 1(lndD(S))}ry, ^ 0. This 

means that S occurs in (one of) the Dirac cohomology groups i/£>(Ind_D((5)), so the 
claim follows from Corollary 14. 61 □ 

Remark 4.14. (a) Corollary 14. 13f 3) says in particular that if a rational mul- 
tiple of S £ Rz(W) is pure in y, then for all VT'-irreduciblc constituents S 
of i(8), the central characters x are the same. Define the central character 
of Indc to be 

cc(Ind D (<5)) =/, (4.4.9) 
for every 5 £ Rz(W) which is a rational multiple of a pure element in y. 
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(b) Every Euclidean lattice L has a basis consisting of pure vectors. Recall that 
if B is a basis for L, then the orthogonal defect of B is defined as the ratio 
dcf(S) = n^gg ||a;||/vol(i). Then every basis with minimal orthogonal 
defect consists of pure vectors. 

In our situation, this implies that y has a basis of pure elements, and 
therefore that every element of R%{W) can be written as a sum of elements 
of R%(W) which are rational multiples of pure vectors in y. 

(c) We will improve Corollary 14. 13( 4) in Corollary 15. 71 

4.5. The central character map. Let HLi be the generic Hecke algebra over 
A = C\k] from Definition O 

Definition 4.15. Let Res lin (i?) be the set of linear maps £ : Spec(A) = C W \ R -> 
such that for almost all k G C ff ^', the point £(fc) satisfies the condition 

#{a e R : a(f(fc)) = k a } = #{a G R : a(f(fc)) = Oj + dimFjY. (4.5.1) 

The set Res lin (i?) is studied in pOl[QTl[02] . where it is shown that Res lin (i?) is 
a nonempty, finite set, invariant under W , and its explicit description is given in 
all irreducible cases. Notice that when k is a constant function, condition (|4.5.1[) is 
satisfied by the middle elements of distinguished Lie triples |Caj . 

We will make repeated use of the following results. Assume the root system 
R does not have simply-laced factors and recall the notion of generic parameter k 
from [OH section 4.3] and [OS2l Definition 2.64]. 

Theorem 4.16 ( |OS2| Theorem 5.3, Definition 5.4, equation (79)]). Suppose R 
does not have simply laced factors, and let Q be a generic region for the parameters 
k. 

(1) If tv is an irreducible discrete series Mk-module, there exists A G Res m (i?) 
such that the central character of tv is \(k). 

(2) Conversely, if A G Res lm (i?) ; for every k G Q there exists a unique irre- 
ducible discrete series Mk-module tv^ with central character A(fc). 

Combining Thcorcm l4. 161 with the results of [OSlj on the Euler-Poincare pairing 
as recalled in sections 12.51 and [2.61 one has the following result. 

Theorem 4.17 ( |OSl| lQS2j ). Suppose R does not have simple laced factors, and 
k is a generic parameter for H. Then the set of irreducible discrete series modules 
DS(H) is an orthonormal basis for i?z(H). 

Motivated by the results of the previous section, let S(Rz(W), y) be the set of 
elements 5 G Rz(W) which are rational multiples of pure elements of y. Define 

A : S(R z {W),y) -> Spec(Z(H j4 )), A(S)(k) = cc(Ind Afc (5)) G Spec(Z(H fc )) = W\V t 

(4.5.2) 

Using Definition 14.31 and Corollary 14. 13f 4) . we see that 

imA = {/:£e \rr% n (W')}. (4.5.3) 

Theorem 4.18. (1) Let 5 £ hr° gen (W') be given. Then \ S * s linear in k, i.e., 
there exists a linear function £(5) : Spec(A) — > such that x S = W ■ £{5). 
(2) Res lm (-R) is contained in im A, with equality if R has no simply-laced factors. 



18 



DAN CIUBOTARU, ERIC M. OPDAM, AND PETER E. TRAPA 



Proof. (1) Let 5 <G R%(W) be such that 5 is a component of i(6). Since y admits a 

basis of pure vectors, we may assume that 8 is pure. The equality A(<5) = x S was 
verified in Corollary 14.13( 4). It is sufficient to prove the linearity of A(S) in the 
case when R is irreducible. 

Assume that R is simply laced. The generic algebra HU admits scaling isomor- 
phisms s c : Hfc — s- H c fe, for a scalar c, given by s c (w) = w, w S W and s c (i;) = cv, 
for »e 7. Notice that the Dirac element V is unchanged under s c . For a central 
element z S ^(Vc)^ homogeneous of degree N, equation (|3.3.ip shows that ( c k(z) 
has degree N in c. Therefore, 

Cck(z) = c N (k(z), and in particular Qk(z) = k N (i(z). 

Hence \ S is linear in k for all irreducible IF'-representations 6. 

Now, let R be irreducible, non-simply laced. Fix a generic region Q of the 
parameter function fc, and fco £ Q. Corollary 14. 13f 4) and Theorem 14. 161 imply that 
there exists A € Res m (i?) such that A(<5)(fc) = A(fc) for every fc € Q. Consider the 
formal completion C[fc] of C[fc] at k$, and ifc : C[/c] — > C[fc] the canonical map. 
Since 

A(<5) o ifc = A o i fco) 

as homomorphisms S(Vc) w — > C[k], it follows from the injectivity of ik that 
A(S) = A. 

(2) When k is constant (more generally when k is of geometric origin in the 
sense of |L2]V this is (part of) jBCTl Theorem 5.8], which is a corollary of Vogan's 
conjecture 13.21 together with [Cl Theorems 1.0.1 and 3.10.3]. In particular, this is 
the case when R is simply-laced. The explicit map A for these cases can be found 
in the tables of [C] . 

Assume now that R is a simple non-simply laced root system. By (1), A(S) gives 
a T-F-orbit of linear maps C( W \ R ' —> VJY. So it remains to check condition (|4.5.1[) 
in one generic region of fc. To simplify notation, let k be the parameter on the long 
roots of R and fc' the parameter on the short roots. 

When R is of type B n , we choose the generic region fc'/fc > n — 1. To every 
partition a of n, jOlj attaches an element cc<j of Res lm (i?), and every W-conjugacy 
class in Res lm (i?) contains one and only one such cc a . Let a x denote the ir- 
reducible !F(i? n ^representation obtained by inflating to W(B n ) the irreducible 
S^-reprcscntation given in Young's paramctrization by a. An easy algebraic argu- 
ment (see jCKl section 4.7]) shows that there is a unique discrete series ir a with 
central character cc CT and n„\w — {p x 0) ® sgn. It is well-known (see |Re| ) that 
(<7 x 0) <g) S is an irreducible IF-rcprcsentation, for each spin IF-module S, and in 
fact, every genuine irreducible W^-reprcscntation is obtained in this way. Fix a spin 
module S and denote a = (a x 0) ® S ® sgn. Then 

I( %a ) = ttvIw ® (S + - S~) = (a x 0) ® (5+ - S-) ® sgn ^ 0. (4.5.4) 

Therefore, Hom^[<7, i?o(7r CT )] 7^ 0, and by Corollary 14.61 x CT = cc CT . This completes 
the proof in type B n . 

For types G2 and i^, the notation for genuine IF- types is as in the character 
tables of [M|. By (15X21 . if A (5) = £ e Res lin (i?), then 

£{k,k%t{k,k'))=5{Q Wkkl ), 
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as functions in k, k' . It turns out that for F4 and G 2 , if £ 7^ £' € VK\Res lm (i?), then 
(£(k,k'),£(k,k')) ^ (£'(k,k'),£'(k,k')) as functions in fc, fc'. (This is not the case 
for type B n discussed above, when n is large.) Therefore, to identify the images of 
the map A, it is sufficient in this case to compute the scalar functions S(Cl^ fc fc/ ) 
and compare. The results are tabulated in Tables Q] and [2] 

Table 1. Res lin (F 4 ) 



central character 


5ehrl n (W)/^ 


ku>\ + ku)2 + fc'cj3 + k ' uj^ 


4 S 


kuj\ + ku)2 + (—k + k')uj^ + fc'cj4 




kuii + kuj2 + [—k + fc')cj3 + kuji 


12, 


kw\ + fcw2 + (—2k + fc')o;3 + /c'oj4 




kcoi + kuj2 + (— 2fe + fc')cj3 + 2fcw4 


24, 


fco;i + kuii + (— 2fc + k')u>3 + ktdi 




kuji + kuj 2 + {-2k + k')ui3 + (3k - k')bJi 




kuj2 + (—k + k')u)4 





Table 2. Res' in (G 2 ) 



central character 


^Glrr° en (W)/~ 


fcwi + k'u! 2 


2 S 


kui\ + (—k + k')u)% 


9 


kuj! + i(-fc + k') 


2sss 



□ 

5. Orthogonal bases for spaces of virtual elliptic characters 

Wc would like to describe the map Indu from Definition ^. lOl explicitlv and study 
its integrality properties. For this, we will show that the lattice Rz(W) admits an 
orthogonal basis for all irreducible root systems R. In particular, this basis consists 
of pure vectors, in the sense of Definition 14.121 

In Theorem 15.11 we determine orthogonal bases for the spaces of virtual elliptic 
characters i?z(H), for every irreducible root system R and every parameter function 
k, except when R = F4 and k is special nonconstant. By Corollary 12.111 we see 
that every orthogonal basis of iJz(H) with respect to ( , )|| p gives, by restriction to 
W, an orthogonal basis of R%(W) with respect to ( , )|^. 

When R is non-simply laced, Theorem 14.171 gives a complete answer for generic 
parameter functions. For special parameters (i.e., non-generic) we use a limiting 
argument. This argument is available when R is of type B n via the exotic geometric 
models for H- modules of [K] , and it was already used in |CKK] . This approach can 
also be applied when R is of type D n , since the graded Heckc algebra of type B n 
with parameter on the short roots is a Z/2Z extension of the graded Heckc algebra 
of type D n . However, in the D n case, one needs to analyze carefully the changes in 
the R-groups under the extension by Z/2Z, using the explicit description of type 
B n R-groups in [51]. The same limit argument can be used for R = G%, where it 
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easy to construct explicit models for the families of discrete series in the generic 
regions. Thus the cases that we cannot treat here are certain special values of the 
parameters when R = F4. 

When R is simply laced, especially if R is of type E, we need to use the geometric 
classification of jKLj and the results in jR] relating the elliptic theories with the 
geometry of Kazhdan and Lusztig. Let g be the complex simple Lie algebra with 
Cartan subalgebra and root system R and G be the complex connected adjoint 
Lie group with algebra g. By |KL[|Ll[|L2j . when the parameter function is constant 
k = 1, the irreducible H- modules are parametrized by G-conjugacy classes of triples 
(s, e, ip), where s £ g is semisimple, e € g is such that [s, e] = e, in particular, e is 
nilpotent, and tp is an irreducible representation of Springer type of the group of 
components A(s, e) of the centralizer in G of s and e. Write 7T( s , e ^) for the module 
parametrized by the class [(s, e, tp)]. In this correspondence, tempered modules with 
real central character are attached to triples (hh,e,ip), for a Lie triple (e, h, /), while 
discrete series are attached to (^h,e,ip) where e is distinguished in the sense of 
Bala-Carter jCaj . Thus tempered modules with real central character are uniquely 
determined by e and ip G A(c)q (characters of the component group of Springer 
type), so we write ir e ^ in place of ir^ i h e 

Rceder's results [R] imply in this case that an irreducible tempered module 
7T( e = in i?z(H), unless e is a quasidistinguished nilpotent element (see [R] 
(3.2.2)] for the definition, recalled below). If the parameter function k is constant 
k = 1, define the following set, consisting of elliptic tempered modules, 

B(R^iW)) = {7r e ^ : e dist., ip & A(e)o} U {iVtriv : e quasidist., not dist.}. (5.0.5) 

The notation for nilpotent orbits below is as in jCaj . 

Theorem 5.1. (1) Assume the root system R is not of type Di n or E7, and 
if R = Fi then the parameter function k is assumed either constant or 
generic. The space i?z(H) has an orthonormal basis with respect to ( , 
consisting of elliptic tempered ^.-representations. In particular, when the 
parameter function is constant k = 1, the set B(R%(W)) from \5. 0. 5\) is 
such an orthonormal basis. 

(2) Suppose R = D2n- The set B(R%(M)) is an orthogonal basis of R%(M.) such 
that every element is a unit element, except the irreducible tempered mod- 
ules 7r 6j triv when e are representatives of quasidistinguished nilpotent orbits 
labeled by partitions (0,1,0,1,0,2,0,2, ... ,021,021) of 2n, < a\ < 02 < ■ ■ ■ < 
021, have elliptic norm y/2. 

(3) Suppose R~ E7. The set B(Rz(M)) is an orthogonal basis for i?z(H) such 
that every element is a unit element, except the irreducible tempered module 
7r A 4 +Ai,triv has elliptic norm y/2. 

The proof of Thcorcm l5.1l is case by case and it will occupy the rest of the section. 
The case R = A„_x is well-known: the space i?z(H) is one-dimensional spanned by 
the Steinberg module. 

5.1. Non-simply laced R. When the parameter function k is generic, Theorem 
14.171 says that DS(H) is an orthonormal basis of i?z(H), and therefore this proves 
Theorcm l5.1f 1) in this case. 

When k is non-generic, one proves the result by a known limiting argument, e.g., 
|CK| section 2.4]. Assume R is of type B n or G2. Let fco be a special parameter 
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function. Without loss of generality, we may assume that ko{ct) = 1, when a is a 
long root, and fco(/3) = tuq, when [3 is a short root. Then there exists e > such 
that the parameter function kt, where Ait (a) = 1 and kt{0) = mo + t is generic for 
all t G (0,e). Let 



be a continuous family of discrete series as in |OS2| Definition 3.5]. Then irf \w — 
rf\w f° r a U t,t' G (0, e). One can consider the limit module ttq = lim t _ >0 + itf ■ 
This is a tempered Hfe -module with the same W-structure as nf. In particular, 
the set {^Q^iy : J 7 } is orthonormal in Rz(W), and again by the isomctry r from 
(|2"XTj) . the set B = {ir^ : J 7 } is orthonormal in R Z (U). By jCKKl Theorem A], 
when R is of type B n this set consists of irreducible Hfe -modules. Corollary 12.111 
implies in particular that dim i?z (H^,, ) = dim Ri (Hfe t ) , and thus B is a basis of 



5.2. R = D n . We begin by recalling the definition of quasidistinguished nilpotent 
elements and presenting their classification when q is classical. Let e be a nilpotent 
element in g, and assume that e is contained in a Levi subalgebra m of g with Levi 
subgroup M of G. The natural map of component groups Aj^fe) — > Aa(e) is in 
fact an injection. The element e is called quasidistinguished if 



where the union in the right hand side is over all proper Levi subalgebras containing 
e. Every distinguished nilpotent element is automatically quasidistinguished. The 
classification of nilpotent adjoint orbits when g is of classical type is based on the 
Jordan canonical form. The nilpotent orbits are parametrized by: 

(i) partitions of n, when g = sl(n); 

(ii) partitions of 2n where every odd part occurs with even multiplicity, when 
= sp(2n); 

(iii) partitions of m where every even part occurs with even multiplicity, when 
q = so(m), except there are two distinct nilpotent orbits in so(2n) for every 
partition where all parts are even. 

The distinguished orbits are parametrized by: 

(i) the partition (n) (principal nilpotent orbit), when g = sl(n); 

(ii) partitions of 2n of the form (oi, aa, • • • , a{), where < a\ < ci2 < ■ ■ ■ < a; 
are all even, when g = sp(2n); 

(iii) partitions of m of the form (0,1,02, . . . ,ai), where < a\ < 02 < • • • < ai 
are all odd, when g = so(m). 

The centralizcrs of nilpotent elements e and the component groups A{e) arc known 
explicitly for classical group, they were computed by Springer and Steinberg, see 
|Ca| pp. 398-399]. A case-by-case analysis leads to the following classification of 
quasidistinguished orbits. 

Lemma 5.2. (i) If g = sl(n), the only quasidistinguished nilpotent orbit is the 
principal one. 

(ii) If g = sp(2n) , the quasidistinguished nilpotent orbits are labeled by parti- 
tions of 2n with even parts such that the multiplicity of every part is at 
most two. 



J-={< :< £ DS(H fct )} 0<t<e 



dimi? z (H fco ). 




(5.2.1) 
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(iii) If g = so(2n + 1), the quasidistinguished nilpotent orbits are labeled by 
partitions of 2n + 1 with odd parts such that the multiplicity of every part 
is at most two. 

(iv) If Q = so(2n), the quasidistinguished nilpotent orbits are labeled by parti- 
tions of In with odd parts, such that the multiplicity of every part is at 
most two, and if there are no parts with multiplicity one, then the number 
of distinct odd parts is even. 

In light of Corollary |2.101 we only need to compute the elliptic norms of tempered 
modules 7r ej ^, when e is quasidistinguished, but not distinguished. By Corollary 
[UTT] and 02 Proposition 3.4.3] 

(7Te-!/>! 7T e >')H P = {^e,il>\w,^e,il>'\w)w = (V'j ^')l'( e ) (5.2.2) 

where the elliptic pairing in the right hand side of (|5.2.2|) is with respect to the 
action of A{e) on the toral Lie algebra So of the reductive centralizer of e in G, 
cf. [R] section 3.2]. Denote this latter elliptic space by R%(A(e)). 

Lemma 5.3. Let R be of type D n and e be a quasidistinguished, not distinguished 
nilpotent element in q = so(2n), parameterized by a partition t o/2n. 

(a) If t = (oi, oi, ci2, a.2, . . . , ai,ai, b\, 62, ... , &2fc)i where k > 1, < ai < ci2 < 
• • • < ai, < b± < 62 < • ■ ■ < b2k, o-i 7^ bj, for all and all ai and bj are 
odd, then dimRz{A(e)) = 1, and (triv, triv) j = 1. 

(b) If t = (01, ai, a,2, d2i ■ ■ ■ ! a 2l, a>2l), where < ai < 02 < ■ ■ ■ < 021, and all a, 
are odd, then dim R%(A(e)) — 1, and (triv, triv) n = 2. 

Proof. The claims follow immediately once we describe explicitly the action of A(e) 
on So- 

(a) In this case, the component group is A(e) = (Z/2Z)' x (Z/2Z) 2,£ ~ 2 acting 
on the space So of dimension I. The action is as follows: (Z/2Z) 2,C ~ 2 acts trivially, 
while (Z/2Z)' acts via 

ffi triv El ■ ■ ■ E triv E sgn i E triv IE • • • E triv, 

2=1 

where sgn^ is the sgn representation on the z-th position. 

(b) In this case, the component group is A(e) = (Z/2Z) 2 '" 1 acting on the space 
So of dimension 21. The action is via 

2/-1 

2 triv E • ■ ■ El triv El sgn^ E triv El • • • El triv. 

i=l 

□ 

5.3. R of type E. It remains to discuss the cases when R is of type Eq, E7, E%. 

In type Eg, there are four quasidistinguished, non-distinguished nilpotent orbits, 
and in all cases A(e) = Z/2Z acts by the sgn representation on So- This means that 
dim Rz(A(e)) = 1 and (triv, triv) = 1 in all cases. The explicit relations between 
tempered modules arc: 

(a) D 5 + A 2 : 7r_D 5+ A 2 ,triv © 7r_D 5 +A 2 ,s g n = ind^^ +A2 ^(7r( 9 i) )triv E 7r (3 ) triv ); 

(b) D 7 (ai): ^D 7 ( Ql ),triv © ^(a^.sgn = indH(^ 8 7 )(7T(ll, 3 ) : triv); 

(c) D 7 (a 2 ): 7T£) 7 ( a2 ) itriv ©7r D7 ( 02 ) )Sgn = ind^^(7r(9 i5 ) jtr i v ); 
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(d) E 6 (ai)+Ai: TTE 6 (a 1 )Ai,trW®^E 6 (ai)A 1 ,sgn = i D ^(^l+A 1 ) (^-E 6 (ai),trivl37r(2),triv)- 

In type Ej, there are two quasidistinguished, non-distinguished nilpotent orbit 
and in both cases A(e) = Z/2Z: 

(1) E 6 (ax): 7r B8 ( 01 ) )triv ©7r B6 ( 01 ) iSgn = ind"[^j(7r B6(ai) , triv ); the group A(e) acts 
by sgn on s ; 

(2) A 4 + Ai: 7rAt+-Ai,triv © ^a^+a-l ,sgn = ind^ +Ai (7T( 5 ) M 7r (2) ). Here s is two 
dimensional, and the group A(e) = Z/2Z acts by 2sgn on So- This has 
the effect that A So = 2(triv — sgn), and therefore dimi?z(^4(e)) = 1, but 
(triv,triv)^ (e) =2. 

In type E e , there is one quasidistinguished, non-distinguished nilpotent orbit 
denoted 1)4(01), whose component group is S3. There are three tempered mod- 
ules 7ru 4 ( 0l ) )t riv, 7i"D 4 (a 1 ),(2i), and n Di{ai ^ sgn . First we have indjU^ ) ) (7r( S3 ) )triv ) = 

(ai),(2i)ffi 7r n 4 (ai),sgn- Next, in the induced module indjj/^ ^(^(53),- 
splits into a sum of two tempered modules 7r( 5311 ) jtr j v © 7r(5 3 ii),s g nj an d we have 

. ,I(B 6 ) j v _ 

lnd H(_D 5 )l. 7r (5311),trivj - ^D 4 (ai),triv © 7r_D4(Ql),(21) ; 

• jH(B,), v _ - (5 - 3 -^ 

mCl H(n 5 )i 7r (5311),sgnJ - TD 4 (ai),(21) © ^(oij.sgn- 

The group A(e) = S3 acts on the two dimensional So via the reflection representa- 
tion, therefore dim Rz(A(e)) = 1 and (triv, triv)^',^ = 1. 

This concludes the proof of Theorem 15.11 



5.4. Dirac indices. We end the section with the calculation of Dirac indices in 
the cases when the basis elements in B(Rz(M)) have elliptic norm 

Example 5.4. Assume R — E 7 and S = 7rA 4 +Ai,triv|w £ R%(W). Then there exist 
genuine ^-representations <5 + ,<5~, 5~ = S + <Xisgn such that i(S) = 5 + — 6~ . In this 
case, 5 + is the sum of two irreducible 64-dimensional VF-rcprcscntations. 

Proof. The first claim follows from Theorem I4.2f 2) since (6, 8}yy = 2. The two 
irreducible W- representations that enter are explicitly known by [Cj Table 4] , where 
they are denoted by 64 s and 64 ss . 

The index = I(7rA 4 +Ai,triv) can also be calculated more directly as follows. 
Firstly, by Corollary 14.61 and (|3.3.2|) . the only irreducible W-representations a that 
can contribute to /(7TA 4 +Ai,triv) have the property that = (h/2, h/2), where 

h is a middle element of a Lie triple for the nilpotent orbit Ajy + Ay. In [Cl Table 
4], it is calculated that there are only four VF-reprcscntations with this property: 
64 s , 64 ss , 64 s (g) sgn and 64 ss ® sgn. Next, one needs to see which of them occur 
in 7r^ 4+ Ai,triv <& S ± . As it is well-known, 7TA 4 +Ai,triv|w — H'(B e ) tm ® sgn, where 
e is a nilpotent element of type A4 + Ay, H'(B e ) is the total cohomology of the 
Springer fiber B e . The structure of H* (B e ) trlv is known explicitly by |BSj . but we 
will not need this. The top degree component is the VF(£V)-representation denoted 
by ^512,11 in jCaj . Thus, Springer theory tells us that 

dim Hom W ( B7 ) (^512,12, 7TA 4 -i-Ai,tri V ) = 1- (5.4.1) 

(Again, in the notation of jCaj . 0.512,12 = ^512. 11 §5 sgn.) A direct calculation 
using the software package chevie in the computer algebra system GAP3.4 and 
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the character table for W(Er) from [M] . reveals that 

64 s <g> S+ = 64 ss <g> 5+ = 0512,12- (5.4.2) 
(Notice that dimS* 4 " = 2 3 indeed.) But this means that 

dimHom^ (£7) (64 s ,7r yl4+J 4 1 ,triv<8'S' + ) = dimHom^^ (64 ss , ir Ai+AlM - lv ® S+) = 1. 

(5.4.3) 

Since Tr^+x^triv is a unitary H-modulc, |BCT1 Proposition 4.9] implies that in fact 

kerD+ = 64 s + 64 ss ; (5.4.4) 
similarly, one deduces that ker D~ = 64 s ®sgn+64 ss ®sgn, and the claim follows. □ 

Example 5.5. Assume R = D2 n , and t = (ax, ax, a2, 0b2, ■ ■ ■ ,0,21,0,21) is a partition 
of In, where < a\ < C12 < ■ ■ ■ < 0,21, and all at are odd. Then there exist genuine 
^'-representations S + , 5~ , 8~ = Sg(<5+) such that i{8) = S + — 5~ . In this case, 5 + 
is the sum of two irreducible Vy'-representations. 

Proof. To determine Sf and 5 2 explicitly, we rely on the classification of genuine 
W A (D m )-modules [Re] , and the Dirac cohomology calculations in [C]. Recall that a 
complete set of inequivalcnt genuine irreducible VK(i? m )-modules is given by {(a x 
0) (8 S : a partition of m}, where iS € jS 1 " 1 ",.!? - }, when m is odd, and S = S, 
when m is even. The restriction to W(D m ) yields the following complete sets of 
incquivalent irreducible modules: 

(i) {(trx 0)(g>S l+ : a partition of m}, when m is odd. In this case, (crx0)®5 _ = 
(cr* x 0) g) S 1 " 1 " as W(D m )-representations. 

(ii) {(cr x 0) g) S : a partition of to, a 1 ^ cr} U {<7i, c?2 : cr partition of to, cr* = 
cr}, when to is even, where (crx 0)<8>>S'|w(.D m ) = cri©(72, when cr* = cr. In this 
case, every irreducible VF(D m )-rcprcscntation is self dual under tensoring 
with sgn. 

Returning to our example r in Z?2n, consider the strings ( ai ~ , a '~ 3 , . . . , — a '~ ), 
1 < i < 2Z. (These strings give the standard coordinates of h/2, where h is the 
middle clement of a Lie triple attached to t.) There is one way to form a partition 
a of n such that these strings form the hooks of a left-justified decreasing tableau 
with shape a and content i — j for the (i, j)-box. For example, when r = (3,3,5,5) 
in £)g, the partition cr is (3, 3, 2), see Figure [T] 






1 


2 


-1 





1 


-2 


-1 





FIGURE 1. Nilpotent r = (3, 3, 5, 5) and partition cr = (3, 3, 2). 

Notice that such a always has the property that cr* = a. By [C], it follows that 
S + = a\ 02 as VF(Z)2n)'-representations. □ 
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5.5. Integrality properties of Ind_D. Recall the sublattice y = r(i?z(H)) C 
Rz(W) defined in (|4.4.6[) . As in the proof of Corollary 14.131 the restriction 

Ind D \y.y^ i? z (H) 

is an isometric isomorphism and an inverse of r : i?z(H) — > y. A natural question 
is when 

y = Rz(w), 

or equivalcntly when Indu gives an isomorphism Ind^i : Rz(W) — > i?z(H). 

Proposition 5.6. Suppose R is irreducible. If one of the following conditions is 
satisfied: 

(1) the parameter function k is constant; 

(2) R is non-simply laced and the parameter k is generic; 

(3) R is B n or G 2 , 

then y = R z (W). 

Proof. (1) Assume without loss of generality that k = 1. Then consider the re- 
striction of the orthogonal basis B(Rz(W)) from Theorem 15.11 to Rz(W). Then 
r(£>(i?z(H)) is an orthogonal set and an R-basis for Rz(W). To see that in fact 
it is a Z-basis, it is sufficient to recall that the geometric realization of tempered 
modules of the Hccke algebra ( [KL1 IL2j ) implies that the matrix of restrictions to 
W of the set of irreducible tempered modules with real central character is upper 
uni-triangular in the natural ordering given by the closure ordering of nilpotent 
orbits, see |BM1 section 4]. 

In cases (2) and (3), the basis of i?z(H) constructed in Theorem 15.11 is in fact 
an orthonormal basis given by discrete series for generic parameters and limits of 
discrete series for special parameters. Thus the restriction to Rz(W) forms an 
orthonormal Z-basis as well. 

□ 

Proposition 15.6( 1.2). together with Corollary 14.13( 2) and Theorem 14.181 allow 
us to improve the result in Corollary 14. 13( 4) . 

Corollary 5.7. If S £ Rz(W) is a rational multiple of a pure element in Rz(W), 
then IndD(S) is supported at a single central character. 

Proof. We only need to prove the claim when R is non-simply laced and the pa- 
rameter function k is specialized to a non-generic point k , since otherwise by 
Proposition 15. 6( 1.2) the claim is equivalent with Corollary 14. 1 3( 4) . Assume this is 
the case and that X is an irreducible H-module such that (Ind £>(<$), A){| p ^ 0. By 
Theorem 14.11( 2). this means that (i(S), I(X)}^, ^ 0, and therefore, by Corollary 

14.61 the central character of X equals x S f° r some irreducible component 5 of i(5). 

By Theorem 13.21 we know that \ S depends polynomially on the parameter k. 
Moreover, at generic k, 5 is a pure element in y (since y = Rz(W)) and so, by 
Corollary 14. 13( 4) . \ S are equal to each other as functions of k for all constituents 
5 of i(S). (Here, we implicitly use that Corollary 14.13( 2) gives 7(Ind£>(5)) = i(S), 
independently of k.) But then the x S are equal to each other at fco as well. 

□ 
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We end the section with a calculation of Ind d(S), for the basis elements S £ 
Rz{W) which are pure, but no units. These are the cases appearing in Ej and D 2 ,i 
in Theorem 1 5. II 

Example 5.8. Retain the notation from Example 15.41 Let 5 = 7rA 4 +Ai,triv|w- 
Then 

lnd D {5) = 2$([H(g) l y (0512,12 " 0512,ll)])- 

We remark that (£512,12 and (£512,11 are the irreducible Springer representations 
attached to (A4 + A\, triv) and (A4 + Ai,sgn), respectively. 

Proof. From Example l5.4[ we see that S + = 64 s +64 ss , and thus Ind o (S) = <f>( [H®^ 
(64 s + 64 ss ) <S> {S + - S~)]) = 2*(p ® w (^512,12 - &>i2,n)]), h Y MM - □ 

Example 5.9. Retain the notation from Example 15.51 Let S = 7i"( 1 133) ,t r iv I in 
R Z (W(D A )). Then 

Ind D (<5) = 2$([H<g> H / (11 x 2 + 22 x - 12 x 1)]), 

where the notation for irreducible ^(/^-representations is as in jCaj . We remark 
that 12 x 1 and 11 x 2 are the irreducible Springer representations attached to 
((1133), triv) and ((1133), sgn), respectively. 

Proof. From Example 15.51 we see that 

(22 x 0) ® S = <7i + (72, as W(_D 4 )-representations, 

where 5* is the unique spin module for D4 (of dimension 4) o\ , 5 2 are two sign 
self-dual irreducible VF(D4)-representations of dimension 4. Then <Xj = af + a\ 

as Vy(I?4)'-representations, and the index of 7171133) . tr i v is the virtual W{D±)'- 
representation: 

i(S) = /(7r( U 33) itriv ) = (af +0+) - (S?f + 0^), while 

(5.5.1) 

nvr(1133),sgn) = (5^1 +5^2 ) - ( CT 1 + CT 2 )• 

Set 5 + = a\ + a 2 and similarly define 5~ . By definition, 

lnd D (S) = <S>(U® wiD4 y(5+y®(S + -S-)) = $(H(8 w(D4) ®Ind^gj / (5'-®(5 + -S-))) J 

where are the two irreducible two dimensional components of Sly/m^y We need 
to compute a~ ® S^; in fact it is sufficient to compute their induction to W(Di). 
Notice that all a~ <£> occur as components of the restriction to W(D±)' of 

(22 x 0) <g> S <g> S = (22 x 0) <g> A'V = 2(12 x 1 + 11 x 2 + 22 x 0). 

Each of 12 x 1, 11 x 2, 22 x is sign self-dual, hence they break into a sum of 
two irreducible equidimensional VF(£>4)'-representations of dimensions 4, 3, and 1, 
respectively. This means that every Ind^|^j, {af ® S ± ) equals either 

12 x 1, or 11 x 2 + 22 x 0. (5.5.2) 

Using |CT( Lemma 3.8] and (|5.5.1|) . we see that +<?2~ is contained in (12 x 1) <g) S' 4 " 
and in (11 x 2) <g> S + . Combining this with (|5.5.2|) . it follows that 

Ind^g^,(?r®5-) = 12x1 and Ind^gJ,(?r ®S+) = 11x2 + 22x0, i = l,2, 

and this proves the claim. 

□ 
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6. DlRAC INDUCTION (ANALYTIC VERSION) 

6.1. An analytic model. Let C^iV) be the set of complex analytic functions on 
V. Let M be a finite dimensional (unitary) VF-module. Following jHOl lEOSj we 
define a left module action of H on C W (V) £§>c M. Moreover, we define an inner 
product on C u (V) <8 M which makes this (actually the subset of "finite" vectors) 
into a unitary H-module, with respect to the natural ^-operation on H from section 

El 

We begin by defining certain operators on (V) <8 M. 

Definition 6.1. For every v G V, f G C W (V), let d v denote the directional de- 
rivative of / in the direction of v. Let Q(v) : C"(V) ® M -> C"(V) ® M be the 
operator 

Q(v)(f ®m)=d v f ®m. (6.1.1) 

The Weyl group W acts naturally on C"(V) via the left regular action (wf)(£) = 
For every root a G R, define the integral operator 1(a) : C U (V) — > C W (F), 

J(a)/(0= / /«-*«) dt, ZeV. (6.1.2) 
Jo 

For every aeF, let Q(s a ) : C"(V) ® M -> C W (F) (8 M be the operator 

Q(s a )(f 8m) = s / <8 s Q m + k a I(a)f (8 m. (6.1.3) 

Theorem 6.2 ( fEQS| Theorem 4.110). XTie assignment v — > Q(v), s a — > Q(s a ) 
extends to an action (the "integral-reflection" representation) o/H on C^iV)® M. 

The explanation is as follows ( }EOS| section 4.3]). Start with the induced module 
H(g>c[v7] M* with the action of H by left multiplication. As C- vector spaces, HcgWwn 
M* is isomorphic with S(Vc)®cM* ■ One traces the action under this identification. 
For a G F, v G V, m! G M*: 

s a (p (8 m!) = (s Q ■ p)®m = (s a (p)s a + k a A a (p)) ® m! 
= s a (p) ® s a m' + k a A a (p) ® m'; 
u(p (8 m ) = (8 to', 

where A Q is the difference operator from (|2.3.1|) . 

Now consider the dual (S(V C ) ® M*)* D C U (V) ® M. The previous action of 
H on S(Vc) ® M* defines an action of H on the dual (S(V C ) ® M*)* by means of 
the anti-automorphism * defined on the generators of H by w* — w^ 1 and = £. 
To get to the integral-reflection action Q from Theorem [621 one uses the fact that 
under the natural pairing 

( , ) : S(V C ) ® C"(V) -> C, (p, /) = (p(d)f)(0), 

the operator A Q is adjoint to the operator 1(a). 



4n fact, IEOSI defines an action of the trigonometric Cherednik algebra at critical level (which 
contains H as a subalgebra). 



28 



DAN CIUBOTARU, ERIC M. OPDAM, AND PETER E. TRAPA 



6.2. Unitary structure. We generalize the inner product from |HO| (2.6)]. To 
begin, for every Weyl chamber C, define an inner product ( , )c on C U (V) (g> M by 
extending linearly 

(tpl (g)mi,-02 ®m 2 )c = (ipi,ip2)c(mi,m2)M, 4>i, "02 G C u (V),mi,m 2 G M, 

(6-2.1) 

where (t/>i, V^c = ipiiv)^^)^, and ( , )m is a fixed W^-invariant inner product 
on M. 

Then, for every /, g G C W (V) <g> M, set 

(/, ff)fc,c = E WH/. Ws)c (6-2.2) 

The notation is meant to emphasize that this inner product depends on the multi- 
plicity function k (since Q does) and on the choice of chamber C . Let C + be the 
fundamental Weyl chamber (corresponding to F). 

Theorem 6.3. The inner product ( , )k,c + is * -invariant for W. 

Proof. The proof is an adaptation of the proof of [HO, Theorem 2.4]. 

The invariance with respect to w is clear since the inner product averages over 
W. Fix £ G V. A formal argument, using only the definition of * and the relations 
in the Hecke algebra shows that 

(d(Of, 9)k,c-(f, d(®*g) k ,c = X>K)Q(«>)/. Q(w)g) c +J2(QMf, d(wOQ(w)g)c 

w w 

Write Q(w)f = £ . 

w.j ®rn w j and Q{w)g — ^^^^w.i®n W i J where 4>w,j^ipw,i G 
C U (V) and m w j,n Wti G M. Set h w> ij(r]) = Then: 

(d(wZ)Q(w)f,Q(w)g) c + (Q(w)f,d(wOQ(w)g) c 

i)m 



+ E ^w,j(r])(d(w^)'ip W! i(r)))dr)(m w< j,n W; i)M 
hi 

= ^2[ d ( w Qh w ,ij(r))d7i(m w ,j,n Wt i)M 

i,j C 

= E / h w>i ,j(ri)(w£,v)da{r])(m W j,n Wt i)M, 



by Stokes' theorem, where v is the outer normal vector. Now assume C = C+. 
Since the boundary of C+ is formed of the intersections with the root hyperplanes 
H ai a G F, one finds that this equals 

EE h w , lJ (n)(w£,-— 1 )do- a (ri)(m wd ,n w , i ). 
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Summing over w and changing the order of summation, one gets: 
f a v 
aeF J Ha nc + w _ la>0 itj \a | 

iu- 1 a<0 i,j ' ' 

We wish to show that this quantity is zero. We make the substitution to' = s a w in 
the second sum since then (w£, jjvj) = — (w'C, j§vj) and (w')~~ 1 a > if w~ 1 a < 0. 
But it remains to verify how h w ^j,m w j,n w ^ are related to h W ' t i> j>, m w > t j> , n w '^ 
on the hyperplane H a . For this, notice that I(a)h = and s a ■ h = h, on H a for 
all h G C^iV). Therefore, on H a : 

Q(w')f = Q(s a ) ^2 <p w j ® m wJ = ^2 s a (/)w,j 8> s a m WtJ = 2J (8 s a m Wtj , 
j j j 

(6.2.3) 

and similarly for Q(w')g. This implies that on iJ a , we have h w i^j = h w ^j, m w rj = 
s a m w j, n w i 7 i = s a n Wi i (implicit here is that the sets of indices for w and w' 
are the same). Now the claim follows by the Vy-invariance of the product ( , )m- O 

Remark 6.4. A completely similar argument shows that the inner product ( , )k,C- 
is also invariant, where C_ = w;o(C+) is the negative Weyl chamber. 

Define 

X U (M) ={/G C U {V)®M : (d(p)f,d(p)f) k . c+ < oo, for all p G S(V C )}- (6.2.4) 

Using the VF-invariance of ( , )k,c + , it is easy to see that the action of H preserves 
X UJ (M). Thus we have: 

Corollary 6.5. The M-module X U {M) is *-pre-unitary. 

6.3. Global Dirac operators. We wish to define Dirac operators on the spaces 
X U (M). For this we need to trace again through the action of H and the chain of 
identifications after Theorems 16.21 

Let S be a spin module for the Clifford algebra C(V) and let £ be a genuine 
W-module. Then E®S is a Vy-representation, so we have the H- module X U {E®S). 

If B is an orthonormal basis of V, define D G Ende(H <E>w (E <E> S)) via 

D(h®x® y) = ^2h£® x® £y, heU,xeE,yeS. (6.3.1) 

The definition does not depend on the choice of basis B, and moreover D is well- 
defined: 

D(hw®w~ 1 (x ® y)) = ^2 hw£, ® w _1 x ® £,w~ 1 y (for some pullback w of w in W) 

= "^2 hw(^)w <g> w~ 1 x ® w~ 1 w(£)y (where w(£) = w • £ • to -1 ) 
See 

= ^2hw(£,)w ®w^ 1 (x ®)w(^)y) = ^ h£ (g> (a: g> £y) = -D(/i ® x ® y), 
See fe«;(B) 

since iti(B) is also an orthonormal basis of V. 
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Clearly D commutes with the module action of H, since the H-action is by left 
multiplication. 

In the identification H <g> w (E ® S) = S(Vc) ® (E g> S), D acts as follows: 
D{p ®(x®y) = ^2 p£ ® (a: ® &/) = ]T](p£ <g> (a: <g) £y) - pT 4 ® (x <g> £y) 

where were defined in (|3.2.2j) . The formula for D 2 can be computed analogously 
with the one in the local case (|3.2.6[) . 

Proposition 6.6. As operators on M®w (E <£> S), we have 

D 2 = -Q®l® 1 + 1(8)0^0 1. (6.3.2) 

Proof. The proof is a completely analogous calculation to that in the proof of |BCT| 
Theorem 3.5]. For simplicity, denote 

R 2 Q = {(a,P) e Rx R:a,/3>0,a^ P,s a (/3) < 0}. (6.3.3) 

Let be an orthonormal basis of V and let p®(x®y) be an element of M<S)(E<S)S). 
Then we have 

D 2 (p ®{x® y)) = Y^P&Zj ® (x <8 

= J2p % ® a & 3 v + E p & » ^1 ® ® (j&v) 

i i<j 

Now, we use the identities 

=n -lE< aV ' aV ^I E fcafc/3(a V ,/3 V )s Q s^, (see [BCTl Theorem 2.11]) 

1 Q>0 (a,/3)efl^ 

(6.3.4) 

and 

(6.3.5) 

(see for example jBCTl Lemma 2.9]). It follows that: 

D 2 (p® [x®y)) = - ftp® (x®y) + i ^ (a v , a v )p <g> (x ® y) 

Q>0 

+ i E k a ki3(a y ,(3 y )p<E)s a s l3 (x<E)y) 

+ iE E fcafc^®((a v ,e J )(/3 v ,6)-(/3 v ,e J )(a v ,^)^ S/3 (x®e J ^y) 

= -f2p(8 (x® y) + i ^(a v ,a v ) + - ^ k a kp{a v , /? v )p ® s a s (x ® y) 
-jE E k akpP<E> (P v ,€j)(a v > Zi)s a sp(x®£ j € i y) > 
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where we used again that = for i 7^ j. Now changing the order of 

summation, the last double sum becomes 

- ^2 k akpp® s a sp(x ® (/3 v a v + (a v ,/3 v ))y), 
(a,/3)ei? 2 

where we identify a v , /3 V , via the inner product ( , ), as elements of C(V). Finally, 
making the necessary cancellations, we arrive at the desired formula. 

□ 

Dualizing and making the identifications, we arrive at the following definition. 

Definition 6.7. Let £ be a genuine VT~-module. The Dirac operator De G 
End n (C u (V) ®(E® S)) is given by 

D E (f ®x®y) = Y, 9(0 f ®x®t;y-Y^f®T 6 {x® &/), (6.3.6) 

where = | J^seii+ P y ) s P- Clearly, preserves the finite vectors in C"(V^)® 
(E (g> S), and thus it defines an operator De & Endu (--fa; (-E 1 ® S)). 

Example 6.8. We consider the Hecke algebra H for si (2). Here V = Ka, = 
Z/2Z, and H is generated by s and £ <E subject to 

S -£ + £. S = (£,a v ). 

We assume that the inner product on V is normalized so that the length on a v is 
V2. 

If we make the identification £ — > £a, (el, we may regard the functions / as 
/ : M -> R, and the action of the Hecke algebra on C W (R) <g> M is: 

Q(«)(/(0 8m) = /(-£) <8> (a • m) + ( ^ /(t)dfc) ® m; 

The cover W is isomorphic to Z/4Z and there are two genuine W- types (both 
spin modules), x+ an( l X- given by multiplication by i and —i respectively. Fix 
S = x+ and take the basis B — {^ aV }- 

(1) E = x+- Note that E ® 5 is the sgn VF-represcntation. We have D+(f ® 
x®y) = i(-J^ ®x®y + f®x®y). Then ker_D + = Re~£ ® sgn, and one 
checks that this is the Steinberg module. It is unitary with respect to the 
inner product ( , )c+ ■ 

(2) E — X-- Note that E <g> S is the triv jy-representation. We have D_(f ® 
x ® y) = <E) x <g) y — j ® x ® y). Then kcr£>_ = Re^ ® triv, and one 
checks that this is the trivial module. It is unitary with respect to the inner 
product ( , ) c _. 

Definition 6.9. Assume that dim V is odd, and let S + , S~ be the two spin modules 
of C(V). Define D E : X aJ (E®S ± ) — > Xu(E®S T ) by composing the Dirac operators 
£)|; € Endu{X(E (g) S ± )) from Definition 16.71 with the vector space isomorphism 
S + —> S~, as in the local case in section |4~T1 
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Now assume that dim V is even. Let S + , S be the two spin modules of C(V) eve „ 
and let E be a genuine representation of W . Then E<E) S^ 1 are W-representations. 
so we can consider the H-modulcs 

^(WS^^.tqf]^^ 1 ). (6.3.7) 

Define Dirac operators 

D ± : H ® w < (E ® 6 ,± ) -> H g)^ (£ ® 5 T ) 

by 

D ± (h ® a: <g> y) = V] /i£ ® x ® Ziei^e^i/eS. 

Again, are well-defined, independent on the choice of basis B, and commute 
with the left action of H. The formula for D ± D T is the same as in the formula 
REE): 

D ± D T = — fi ® 1 ® 1 + 1 ® f2^? ® 1, (6.3.8) 

because in that calculation, the elements of W that occur are actually in W', so 
they can still be moved across the tensor product. 
In the identification 

HI (g) w (E ® S ± ) = H ® w [<C[W] ® w - (E (g) S*)) = S(y c ) (8 (C[W] ® W ' (£ g> S ,± )), 

(6.3.9) 

the action of D ± is as follows: 

D ± (p<E> (w <g) (x® j/))) = £p ® (w ® (x® &/)) - (T^iw ® (x® 

Dualizing, we obtain the following definition. 

Definition 6.10. Assume that dim]/ is even. Let £ be a genuine VF'-modulc. 
The Dirac operators D% : X^(E ® S' ± ) -> X^(E ® 5 T ) are given by 

® ® (x ® y))) = ^ 9(0/ ® (w ® (x 

(6.3.10) 

6.4. Global Dirac index. With these definitions at hand, we can define the global 
Dirac index. For uniformity of notation, set X^(M) = X U1 (M), when dim V is odd 
as well, for every W' = VF-module M. For every genuine W-representation E, we 
have defined the Dirac operators 

D%:X' u {E®S ± )^Xi{E®S^), (6.4.1) 

which commute with the action of H. As in the case of local Dirac operators, it 
is easy to see that D\ is adjoint to with respect to the unitary structure of 
XUE®S±). 

If A e W\V£, define 

K(M) X = If G K(M) : 0(p)/ = p(A)/, for all p e S(F C ) W }. (6.4.2) 

A classical result of Steinberg implies that A^(M)a is finite dimensional. Since Dg 
commute with the H-action, we have the restricted Dirac operators 

£>f (A) :X^E® -> X^(E ® S T ) A , (6.4.3) 
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and the restricted Dirac index 

I E (X) =kcrL>+(A) -kcrD E (\), (6.4.4) 

a virtual H-module. We will see that -Te(A) = except for finitely many values of 
A, depending on E. We have the following easy restriction. 

Lemma 6.11. Assume 8 is an irreducible W -representation. Then kcrZ)~ (A) 7^ 
only if (A, A) = {x S , X S ) 1 where x S is the central character attached to S by Definition 

m 

Proof. Assume that kerD±(A) ^ 0. Then kcrD~D±(A) ^ 0, and by (jfJX2| and 
we get that (A, A) = S(Sl^) = ( X \ X 1 )- □ 

In the next section, we show that in fact, under the assumptions of Lemma f6. Ill 
A = x S i as a consequence of Theorem 13.21 

Lemma 6.12. For every A € W\Vg , I B (X) = X^{E ® S+)x - X^E ® S~)\. 

Proof. We have (x, D E (X)~y)k,c + = {D^(X)x, y)k,c + = 0, whenever x € kerD^(A), 
which shows that ker D E (X) C (im D E (X)) ± . Conversely, if x <E (imDg(A)) 1 C 
Xl,(E®S + )x, then = (x,D E (X)y) k , c+ = (D+(X)x,y) k>c+ , for all y e X'JE ® 
S~)x- Specializing to y = D E (X)x, we see that D E (X)x = 0, hence x £ kcrD E (X). 
Therefore, we proved 

X^(E <g) S + ) x = kcvD^iX) © imD E (X), and similarly, 

X^{E <E> S-) x = kcr D E (X) ® imD E {X). 

Then D E (A) maps im D E (X) onto imD^(A) and D E (X) maps im D E (A) onto im D E (A) , 
and they induce an isomorphism imD E (X) = imD E (X) as W-representations. The 
claim follows. 

□ 

Definition 6.13. For a given genuine Vy'-rcprcsentation E, we define the global 
Dirac index to be 

Ie = ®IbW, (6.4.5) 

A 

where Ie{X) is as in (|6.4.4|) . In fact, we conjecture that ker D E and ker D E are 
finite dimensional, and as a result, that I E = ker D E — kerD E . 

6.5. A realization of discrete series. 

Lemma 6.14. Let (ir,X) be an irreducible M-module and M a finite dimensional 
W' -module such that Homu(A, X^[M)) 7^ 0. Then (ir,X) is a discrete series H- 
module. 

Proof. Let x E X be an S'(Vc)-weight vector in X with weight v € V v . This means 
that for all £ € Vc, t(Qx = (£,, v)x. Let k 6 Homn(X, X^(M)) be nonzero. Then 

Recall that in X^(M), d(£) acts by differentiation only on the function part of the 
tensor product, so we may assume without loss of generality, that k(x) = f ® m, 
for some / € C W (V), m € M. This means that the one-dimensional vector space 
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generated by / is invariant under differentiation by ail elements p € S(Vc), and 
therefore / is an exponential function f(v) 

But since / <8 m € X^(M), f must be an L 2 -function on C+, and therefore the 
weight v must satisfy the strict Casselman criterion (see 12.3. 2p . □ 

Lemma 6.15. Suppose that (tt,X) is an irreducible discrete series M-module and 
M a finite dimensional W' -module. Then 

Hommpf, X^(M)) = Kom w ,(M*,X*). (6.5.1) 

Proof. Since the dual of S(Vc) can be identified with Laurent series on Vc, the proof 
of Lcmma l6.14l shows that every nontrivial homomorphism of X into (M<g>\y' M*)* , 
under the assumption that X be a discrete series, lands in fact in X^(M). In other 
words, we have 

Hom H (X, X' U {M)) = Hom H (X, (H ® w , M*)*). 

Furthermore, using the tautological isomorphism Hom(A, B*) = Hom(i3, A*), we 
find that 

Hom H (X,<(M)) S Kom m {W® w , M*,X*) 

^TIomw>(M*,X*), v ' 

where the last step is the Frobenius isomorphism. □ 

Recall that by Corollary 12.101 if (ir,X) is a discrete series, then r(X) is a unit 
element in Rz(W), where r is the restriction map from l2.6.Tl Therefore, by Theorem 
I4.2f 2). there exists unique irreducible ^'-representations 8 X ,S X sucn tnat 

I(X) = 8 X -S X , (6.5.3) 

and moreover, by Corollary 14.61 the central character of X is x S * = X Sx > where 
the notation is as in Definition 14.51 

Theorem 6.16. For any irreducible genuine W -module E, Ie (as defined by 
\6.4-5\) ) is a virtual finite linear combination of discrete series representations. Let 
(tt,X) be an irreducible discrete series with central character x S * and let E be an 
irreducible W -representation. Then 

Rom M {X,I E ) £* Hom H (X, I E (A(6 X ))) = Hom w ,(E* ,I{X)), (6.5.4) 

'l, ifE*=l+ 

— 1, if E* = S x . In particular, Ij+ is the 
0, otherwise. 

unique irreducible discrete series M-module X that has Dirac index 5~t — 5 X . 



and the dimension of these spaces is < 



Proof. Since the central character of X is A(6x), we necessarily have Honing, Ie) — 
Kouhsi(X, Ie(A(8x)))- By Lemma T6. 121 this space is isomorphic with 

Hom H (X, X' U {E <g> S + ) - X!JE <g> ST)), 

which by Lemma 16.151 equals 

Bomw (E* g> (S + -S~)*,X*) = Hom^, (E* , X ® (5+ - 5"")) = Hom^, (E* , I{X)); 

here, we used that X* =Xas VF'-modulcs, while the last equality is from Lemma 
14.11 Now (|6.5.4[) follows from this using that I{X) = 5 X -8 X . 



ALGEBRAIC AND ANALYTIC DIRAC INDUCTION 



:>,-> 



To complete the proof, notice that Theorem l4.2f 2) combined with Corollarv l2.10l 
imply that if X 9= Y are two distinct irreducible discrete series, then 5% ^ an< ^ 
therefore X is the only discrete scries that contributes to /-?+ . 

°x 

□ 

Remark 6.17. If instead of the inner product ( , )k,c+, one uses ( , )u,C- (see 
Remark 16 .4(1 . then one can realize all irreducible anti-discrete series of H (i.e., 
the Iwahori-Matsumoto duals of the discrete series) in the corresponding analytic 
models and indices of Dirac operators. All the results are the obvious analogues. 

Remark 6.18. Most of the constructions here apply equally well to noncrystallo- 
graphic root systems. Theorem 16 . 161 shows that if X is an irreducible discrete mod- 
ule such that X\w is a unit element in R%(W) with respect to the elliptic pairing, 
then X is isomorphic to the global Dirac index for an irreducible VK-representation, 
and in particular, it is unitary. 
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